System FC, as implemented in GHC!
December 5, 2012

1 Introduction

There are a number of details elided from this presentation. The goal of the formalism is to aid in reasoning
about type safety, and checks that do not work toward this goal were omitted. For example, various scoping
checks (other than basic context inclusion) appear in the GHC code but not here.

2 Grammar

2.1 Metavariables

We will use the following metavariables:

x Term-level variable names

a, B Type-level variable names

N Type-level constructor names

K Term-level data constructor names

i, j, k Indices to be used in lists

2.2 Literals

Literals do not play a major role, so we leave them abstract:

lit = Literals, basicTypes/Literal.lhs:Literal

We also leave abstract the function basicTypes/Literal.lhs:1iteralType and the judgment coreSyn/CoreLint.lhs:1intTyLit
(written T byjic lit : K).

2.3 Variables

GHC uses the same datatype to represent term-level variables and type-level variables:

z = Term or type name
| « Type-level name
| =z Term-level name °°
n, m = Variable names, basicTypes/Var.lhs:Var
27 Name, labeled with type/kind

2.4 Expressions

The datatype that represents expressions:

IThis document was originally prepared by Richard Eisenberg (eir@cis.upenn.edu), but it should be maintained by anyone
who edits the functions or data structures mentioned in this file. Please feel free to contact Richard for more information.



e, u = Expressions, coreSyn/CoreSyn.lhs:Expr
| n Variable
| it Literal
| €1 e Application
| An.e Abstraction
| let bindingin e Variable binding
| caseeasnreturnrt of alt; ' Pattern match
|  e>y Cast
| €{tick} Internal note
| T Type
[ Coercion

There are a few key invariants about expressions:

e The right-hand sides of all top-level and recursive lets must be of lifted type.

e The right-hand side of a non-recursive let and the argument of an application may be of unlifted type,
but only if the expression is ok-for-speculation. See #let_app_invariant# in coreSyn/CoreSyn.lhs.

e We allow a non-recursive let for bind a type variable.
e The _ case for a case must come first.
e The list of case alternatives must be exhaustive.

e Types and coercions can only appear on the right-hand-side of an application.

Bindings for let statements:

binding BES Let-bindings, coreSyn/CoreSyn.lhs:Bind
| n=e _ Non-recursive binding
| recm =g¢" Recursive binding

Case alternatives:

alt = Case alternative, coreSyn/CoreSyn.lhs:Alt
| Kn;' — e Constructor applied to fresh names

Constructors as used in patterns:

K n= Constructors used in patterns, coreSyn/CoreSyn.lhs:A1tCon
| K Data constructor
| it Literal (such as an integer or character)
| - Wildcard

Notes that can be inserted into the AST. We leave these abstract:
tick n= Internal notes, coreSyn/CoreSyn.lhs:Tickish

A program is just a list of bindings:
program = _ A System FC program, coreSyn/CoreSyn.lhs:CoreProgram
| binding; List of bindings



2.5 Types

T, K, O = Types/kinds, types/TypeRep.lhs:Type
| n Variable
| 7n17m Application
| T7¢ Application of type constructor
| 1= m Function
|  Vn.or Polymorphism
| lit Type-level literal

There are some invariants on types:

e The type 71 in the form 7 79 must not be a type constructor T'. It should be another application or a
type variable.

e The form T'7; " (TyConApp) does not need to be saturated.

e A saturated application of (—) 71 72 should be represented as 73 — 7o. This is a different point in the
grammar, not just pretty-printing. The constructor for a saturated (—) is FunTy.

e A type-level literal is represented in GHC with a different datatype than a term-level literal, but we
are ignoring this distinction here.

2.6 Coercions

o' = Coercions, types/Coercion.lhs:Coercion
| (1) Reflexivity
| T7;® Type constructor application
| Y1 Y2 Application
| Vnuoy Polymorphism
| n Variable
| C ind7;’ Axiom application
| 1 W T Unsafe coercion
|  sym~y Symmetry
| M3 Transitivity
| nth;y Projection (0-indexed)
|  LorR~ Left /right projection
| A7 Type application

Invariants on coercions:

o (11 T2) is used; never (11) (7).
e If (T) is applied to some coercions, at least one of which is not reflexive, use T 7¥; ¢, never (T )71 7z . . ..

e The T in T#;" is never a type synonym, though it could be a type function.

Is it a left projection or a right projection?



LorR = left or right deconstructor, types/Coercion.lhs:LeftOrRight
| left Left projection
| right Right projection
Axioms:
c = _ Axioms, types/TyCon.lhs:CoAxiom
| T azBranch; ' Axiom
axBranch, b n= ‘ ‘ Axiom branches, types/TyCon.lhs:CoAxBranch
| Vm' (77 ~ o) Axiom branch

2.7 Type constructors

Type constructors in GHC contain lots of information. We leave most of it out for this formalism:

T Type constructors, types/TyCon.lhs:TyCon

| (=) Arrow

| N Named tycon: algebraic, tuples, and synonyms
| H Primitive tycon

| 'K Promoted data constructor

| 'T Promoted type constructor

We include some representative primitive type constructors. There are many more in prelude/TysPrim.lhs.

H Primitive type constructors, prelude/TysPrim.lhs:

| Inty Unboxed Int
| (~%) Unboxed equality
| O Sort of kinds
| * Kind of lifted types
| # Kind of unlifted types
| OpenKind Either x or #
|  Constraint Constraint
3 Contexts

The functions in coreSyn/CoreLint.lhs use the LintM monad. This monad contains a context with a set of
bound variables I'. The formalism treats I" as an ordered list, but GHC uses a set as its representation.

r n= List of bindings, coreSyn/CoreLint.lhs:LintM
| n Single binding
| ;' Context concatenation

We assume the Barendregt variable convention that all new variables are fresh in the context. In the
implementation, of course, some work is done to guarantee this freshness. In particular, adding a new
type variable to the context sometimes requires creating a new, fresh variable name and then applying a
substitution. We elide these details in this formalism, but see types/Type.lhs:substTyVarBndr for details.



4 Judgments

The following functions are used from GHC. Their names are descriptive, and they are not formalized
here: types/TyCon.lhs:tyConKind, types/TyCon.lhs:tyConArity, basicTypes/DataCon.lhs:dataConTyCon,
types/TyCon.lhs:isNewTyCon, basicTypes/DataCon.lhs:dataConRepType.

4.1 Program consistency

Check the entire bindings list in a context including the whole list. We extract the actual variables (with
their types/kinds) from the bindings, check for duplicates, and then check each binding.

Forog Program | Program typing, coreSyn/CoreLint.lhs:1intCoreBindings

I'" = vars_of bmdingii }
no_duplicates binding; '

T Fpind binding;
bind 9: PrROG_COREBINDINGS

Forog binding;

Here is the definition of vars_of , taken from coreSyn/CoreSyn.lhs:binders0f:

varsof n = e =n
varsof recm; = ¢,° =m;"

4.2 Binding consistency

T hping binding | Binding typing, coreSyn/CoreLint.lhs:1int bind

I' Fbing m €

BINDING_NONREC
I'inan=ce

Tk e
bind Tli < €;
e ¢ ‘ BINDING_REC

I bping Tecm; = &

Single binding typing, coreSyn/CoreLint.lhs:1intSingleBinding

I'kme:7
'k 27 ok
m; " = fu(7)
m; € F’L

—————  SBINDING_SINGLEBINDING
I Fping 27 <€

In the GHC source, this function contains a number of other checks, such as for strictness and exportability.
See the source code for further information.



4.3 Expression typing

Expression typing, coreSyn/CoreLint.lhs:1intCoreExpr

7 e
(I, e, kst T =T~ T
(Bn, 7 Ty var
I'kmz7:7
7 = literal Type lit
TMm_LiT
Thkmlit: 7
I'kme:o
lkoy:o~E T
co # TM_CAST
IF'kmepy:T
I'kme:r
————— TM_TICK
r h:m e{tick} - T
I"=T,a"
' K ok
IV Kubst @ — o ok
IV B ela®— o] : T
TM_LETTYKI

I'kmleta® =cine:

I’ Febing 27 < u
I'kyo:k
Iz kme: T

TM_LETNONREC

I'kmletze =uwine: 7

7" = inits (77 ')
[T Ky o, : mz
no_duplicates Z;*
I'=T, %%

T Febind 217 4 Ui
IMkme:T

TM_LETREC

R
I'kn letrecz;,% = u; ine: 7

I'km e - Var.7r
I" st @ +— o ok

I'hkm e1o: Tl — o]

TM_APPTYPE



(3T st. ea=1)
F}_tm €1 :7T1 — T2

TF'hme:
tm 72+ 71 TM_APPEXPR

F'_tm €1 €2 . T

'y 7:k
I'Ne"hme:o

TwMm_LaMID
IF'hn Az7.e:7— 0

I'=T,a"
'k k ok
IMGme:T

TMm_LaMTy
I'km Aaf.e - Var.1r

I'kme:o
'y otk
Dy 7 5R2

T, 290 by alt; : T

- TM_CASE
I' kyn casecas z° returntof alt; : 7

. NKZ
Loy iy TM_COERCION

Ihimy i1~ 7

Some explication of TM_LETREC is helpful: The idea behind the second premise (I',I'; i, o7 : &; Z)
is that we wish to check each substituted type o) in a context containing all the types that come
before it in the list of bindings. The I", are contexts containing the names and kinds of all type
variables (and term variables, for that matter) up to the ith binding. This logic is extracted from
coreSyn/CoreLint.lhs:1intAndScopeIds.

There is one more case for I' i, e : 7, for type expressions. This is included in the GHC code but is
elided here because the case is never used in practice. Type expressions can only appear in arguments
to functions, and these are handled in TM_APPTYPE.

The GHC source code checks all arguments in an application expression all at once using coreSyn/CoreSyn.lhs:collectAr
and coreSyn/CoreLint.lhs:1intCoreArgs. The operation has been unfolded for presentation here.

If a tick contains breakpoints, the GHC source performs additional (scoping) checks.

The rule for case statements also checks to make sure that the alternatives in the case are well-formed
with respect to the invariants listed above. These invariants do not affect the type or evaluation of the
expression, so the check is omitted here.

The GHC source code for TM_VAR contains checks for a dead id and for one-tuples. These checks are
omitted here.



4.4 Kinding

Kinding, coreSyn/CoreLint.lhs:1intType

zf el

—— Ty_TyYyVARTY
Ik 27k

Fl_tyTl:Kl
F"tyTQIHQ

I bpp (T2 K2) 1 K1~ K Ty AppTy

gy mim:k

F"ty’rltlil
Fl—tyTQZIig

'k — :
- M n2 iR Ty_FunTy

'y —m:k

= (isUnLiftedTyCon T') V length 7; © = tyConArity T
T bpp (75 : m)l : tyConKind T ~ &k
Ik T7':k

Ty_TyCoONAPP

I' b k1 ok
[ 2M Ry 70 ke

Ty_FOrRALLTY
'Ry VzRir ko

T hylit lit: k

Ty_LiTTYy
M lit: s

4.5 Kind validity

Kind validity, coreSyn/CoreLint.lhs:1intKind

'k k:0

———— K_Box
I' g Kk ok



4.6 Coercion typing

I'oy:m~f | Coercion typing, coreSyn/CoreLint.lhs:1intCoercion

Iy 7:8
Pho () im~lT

CoO_REFL

K1

Phom toi~y
ko209~ T
'y k1 > Kot K

Co_TyCoNAPPCOFUNTY
Iho (=) 71172 (01 = 02) N%(ﬁ — T2)

T # (=) _
Fb:o’Yi:UiN;Ti

I Kpp mz s tyConKind T ~~ &
— — — Co_TyConAprrPCoO
r '_co T’}/iz : To’ilwgé TT,L-l

K1

Fl_co'h:gl’\‘# T1
Dhov2 i oo ~i2 T
I bpp (02 K2) : K1~ K

I'koviv2: (o1 Uz)N”#(Tl T2)

Co_ArrCo

I' K k1 ok
L2 oy o~
Co_ForALLCO
[ ko Vzriy s (Verto) ~i2 (Var.r)

z(TNEﬁ T er

Co_CoVarCoBox

0
Tl 2% 2TN§T

2% €T
Kk #0

ko 2~ PO T

Co_CoVarCo

'kymi:k

e Fp— — Co_UNSAFECO
coT1L ™ T2 - T1 ™~ T2

Phoy:im~lm

Co_SymCo
I' o sym~: TQN;;:Tl



Fl_co'}/l:TlN
I'ovo:ima~

- Co_TransCo
Phom§ye M~ T3

Theoy: (To77) ~5(T77)
length; 7 = length 7;”
i < lengtho;’

I'kyoi:k
Co_NtuCo

F'_(:o nthiq/ L0 N;’Ti

[y (o1 02)”'{#(7'1 T2)
I'kyo1:k

Co_LRCoOLEFT
'k lefty : oq ~ T

[k v i (0102) ~5 (1 72)

I'kyoa:k
Co_LRCoRIGHT

T ko right~y : o9 N’;,E To

'y :Vm.o Ngﬁ Vn.T
T l_ty T0 - Ko
m = z"1

Ko <! K1
Co_InsTtCoO

I'keo v 70 o[m = mo] ~4, T[n > 7o)

C = T azxBranchy, F
0 < ind < length axBranchy, F

va b (o7~ 1) = ((azBranchy, * )[ind]

”;
F}_co'yi:U;N#Tz( ,
— i
subst; = inits ([n; — o7 )
— 1
n; = Z,'K’/

KL <t substi(m)l .
no_conflict(C, o357 ,ind — 1)
-

7 K3
025 =01 [n; = 0]
— 1
To = T1 [77,1 — TZ/]
I'ky 7k
i Co_Ax1oMINSTCO

T C’ind%i : Tﬁjj N% To

In Co_AXx10MINSTCO, the use of inits creates substitutions from the first ¢ mappings in [n; — o] ‘. This
has the effect of folding the substitution over the kinds for kind-checking.
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4.7 Name consistency

There are two very similar checks for names, one declared as a local function:

'k nok| Name consistency check, coreSyn/CoreLint.lhs:1intSingleBinding#lintBinder

'y 7:k N I
_ AME_ID
I'k 27 ok
——— NAME_TyVa
TF o ok ME_TYVAR

Binding consistency, coreSyn/CoreLint.lhs:1intBinder

'y 7:8

—————— BINDING_ID
I' lpng 27 ok

'k k ok

—————  BINDING_TYVAR
T bpng @ ok

4.8 Substitution consistency

‘I‘ Feubst  — T ok‘ Substitution consistency, coreSyn/CoreLint.lhs:checkTyKind

I' i k ok

SuBST_KIND
T kbt 22— K ok

Kl;éD
Ny 7 k2

Ko <! K1
SUBST_TYPE

I kupst 271 — T ok

4.9 Case alternative consistency

T;0 ki alt : 7| Case alternative consistency, coreSyn/CoreLint.lhs:1intCoreAlt

I'kme:r

ALT_DEFAULT
iobkge —e:T
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o = literal Typellit
I'kme:T

Diohelit e 7 ALT-LITALT
T = dataConTyCon K
- (isNewTyCon T')
71 = dataConRepType K
o =1{0;7 }
I l_bnd n; OkZ
I'=T,m"
I’ Baitond 7 2 2~ T 557
IVhkne:T

— — Avr_DATAALT
To ke Kng" —e:r

4.10 Telescope substitution

Telescope substitution, types/Type.lhs:applyTys

AprrPLYTYS_EMPTY

=0

o —rfoi)
7" =7'[n— o]

: ArrPLYTYs Ty
"= (Yn.1){o, ;" }

4.11 Case alternative binding consistency

‘F Fitbnd Vars : 74 ~> Ty ‘ Case alternative binding consistency, coreSyn/CoreLint.lhs:1intAltBinders

ALTBINDERS_EMPTY

I'Nitbnd -7~ 7

I hubse B > o ok
I' Ritond 73 ' = T[B" = a”] ~» o
I Hitond @, 75 * 2 (VBR'.T) ~ 0

I'Bitbnd 7 : T2~ 0

I Ritond ™, 7 ° 1 (11 = T2) ~» 0
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4.12 Arrow kinding

‘F F, k1 — Ko /1‘ Arrow kinding, coreSyn/CoreLint.lhs:1intArrow

ARROW_BoOXx

' O — ke : 0O

k1 € {*,#,Constraint }
ko € {*,#,Constraint }

'y k1 — Ko @

ARROW_KIND

4.13 Type application kinding

I Fpp (0 : m)z DK~ Ko Type application kinding, coreSyn/CoreLint.lhs:1int_app

—— AprP_EMPTY
Dhpp -t 6~ K

K <: K1
J—
T hpp (Ti : Ki) kg~ K
app (7i 2 i) App_FUNTY

I bpp (71 K), (15 : m-)z i (K1 = Ka) ~ K/

K <! K1
-
I'k Tt Ki) kolzft T K/
app ( ) o |~ APP_FORALLTY

T bpp (T 1K), (15 : m)i 2 (V2R1.kg) ~ K/

4.14 Sub-kinding

Sub-kinding, types/Kind.lhs:isSubKind

SUBKIND_REFL

K< K

——————  SUBKIND_UNLIFTEDTYPEKIND
# <: OpenKind

m SUBKIND_LIFTEDTYPEKIND
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SUBKIND_CONSTRAINT

Constraint <: OpenKind

——————  SUBKIND_CONSTRAINTLIFTED
Constraint <: *

——————  SUBKIND_LIFTEDCONSTRAINT
* <: Constraint

4.15 Branched axiom conflict checking

The following judgment is used within CO_AX10MINSTCO to make sure that a type family application cannot

unify with any previous branch in the axiom.
Branched axiom conflict checking, coreSyn/CoreLint.lhs:1intCoercion#check no_conflict

no_conflict(C, @57 , ind)

NoCONFLICT_-NOBRANCH

no_conflict(C, &; ", —1)

C = T axBranchy, F
o (ﬁj ~ ') = (axBranchy g )[ind]
apart (7;7, 757 )
no_conflict(C, 757, ind — 1)
: — NOCONFLICT_BRANCH
no_conflict(C, 7;7 , ind)

The judgment apart checks to see whether two lists of types are surely apart. It checks to see if types/Unify.lhs:tcApartTys
returns SurelyApart. Two types are apart if neither type is a type family application and if they do not

unify.
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